Abstract. The notion of n-th indicator for a finite-dimensional Hopf algebra was introduced by Kashina, Montgomery and Ng as gauge invariance of the monoidal category of its representations. The properties of these indicators were further investigated by Shimizu. In this short note, we show that the indicators appearing in positive characteristic all share the same sequence pattern if we assume the coradical of the Hopf algebra is a local Hopf subalgebra.
Introduction
Let G be a finite group. Classically, the criterion to determine the type of an irreducible representation of G as real, complex or quaternionic is to find the value of Frobenius-Schur indicator of the representation as 1, 0, or −1, respectively. Let H be a semisimple Hopf algebra over an algebraically closed field of characteristic zero, and let V be an irreducible representation of H. Linchenko and Montgomery in [4] generalized this classical group theoretic result to H, that is, the possible values 1, 0, or −1 of the second Frobenius-Schur indicator ν 2 (V ) provide certain information of the irreducible representation V of H. In [3] , Kashina-Sommerhäuser-Zhu further provided a sequence of higher Frobenius-Schur indicators ν n (V ) for n ≥ 2.
In [2] , Kashina-Montgomery-Ng proposed a definition of higher indicators for a nonsemisimple finite-dimensional Hopf algebra H using its regular representation and proved that these indicators are gauge invariant with respect to all gauge transformations, that is, ν n (H) = ν n (H F ) up to a Drinfeld twist given by a 2-cocycle gauge transformation F .
The definition of indicators of the regular representation of a finite-dimensional Hopf algebra is straightforward by taking the trace of the Sweedler powers followed by the antipode; see [2, Definition 2.1]. We notice that the definition of indicators is well-behaved in positive characteristic and that many of their properties remain valid including gauge invariance. For example, if H = k G is the group algebra of a finite group G over a base field k, then the n-th indicator is given by
Now suppose G is a finite p-group. It is easy to see that ν n (k G) = 1 whenever gcd(p, n) = 1. The difficulty lies in the case when p | n, where the actual value of ν n (k G) depends on the structure of the p-group G. But we can always show that p | ν n (k G) if p | n. So if we let char k = p, then ν n (k G) = 1 whenever gcd(p, n) = 1 and ν n (k G) = 0 elsewhere. Another example of Hopf algebra over characteristic p with the same sequence of indicators is the Radford algebra R(p); see [1, Theorem 3.3] . We refer to such a sequence as the p-pertinent sequence; see Definition 2.7. These examples prompt us to study indicators in the modulo p setting, or simply over a base field k of prime characteristic p.
In this short note, we study any finite-dimensional Hopf algebra having the local dual Chevalley property, which requires the coradical of the Hopf algebra to be a local Hopf subalgebra; see Definition 3.1. The group algebra k G and the Radford algebra R(p) discussed above are examples of such Hopf algebras. Our main result, Theorem 3.6, shows that the sequence of indicators of a finite-dimensional Hopf algebra having the local dual Chevalley property is the p-pertinent sequence. The approach of our proof is to reduce the problem firstly to the case of restricted universal enveloping algebras by applying the associated graded algebras in Lemma 3.5 and then to the case of p-groups in Lemma 3.4. We also show, in Lemma 2.8, that the minimal polynomial of the p-pertinent sequence is f (x) = x p − 1. These results particularly apply to any pointed Hopf algebras of dimension p n for some integer n; see Corollary 3.9. Lastly, as noted in [11] , the sequence of indicators can be extended uniquely to have negative terms. Our results then hold for the sequence of indicators with all integer indices.
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Preliminary
In this section, we will review some basic definitions and properties of Hopf algebras and their indicators. Let k be a base field of arbitrary characteristic, and H be a finitedimensional Hopf algebra over k. The unadorned tensor ⊗ means ⊗ k . We use the standard notation (H, m, u, ∆, ε, S), where m : H ⊗ H → H is the multiplication map, u : k → H is the unit map, ∆ : H → H ⊗ H is the comultiplication map, ε : H → k is the counit map, and S : H → H is the antipode. The vector space dual of H is again a Hopf algebra and will be denoted by H * . The bialgebra maps and the antipode of H * are given by (m
* is the transpose of linear maps. We use the Sweedler's notation (sumless) ∆(h) = h (1) ⊗ h (2) for any h ∈ H. In the dual Hopf algebra H * , given f, g ∈ H * , then f g(h) = f h (1) g h (2) for any h ∈ H and ε H * (f ) = f (1). (iii) The coradical filtration {H n } n≥0 of H is defined inductively such that H n = ∆ −1 (H ⊗H n−1 +H 0 ⊗H) for all integers n ≥ 1. We use gr C H = i≥0 H i /H i−1 (H −1 = 0) to denote the associated graded coalgebra with respect to the coradical filtration of H. (iv) We denote by gr J H := i≥0 J i /J i+1 (J 0 = H) the associated graded algebra with respect to the J-adic filtration of H, where J is the Jacobson radical of H.
Proposition. Let H be a finite-dimensional Hopf algebra. The following are equivalent.
(i) gr C H is a graded Hopf algebra.
So gr C H is a graded Hopf algebra if and only if (gr C H) * is a graded Hopf algebra if and only if gr J (H * ) is a graded Hopf algebra.
2.3. Definition. [11, Definition 3.1] Let H be a Hopf algebra. For an integer m, the m-th Sweedler power map
is defined to be the m-th power of the identity map id H : H → H with respect to the convolution product. Thus, for all h ∈ H and an integer m ≥ 1,
For any integer n ∈ Z, we define the n-th indicator of H by
where Tr means the ordinary trace of a linear operator. Fix an algebraic closure k of k. For each integer N ≥ 1, we define O N to be the subring of k generated by the roots of the polynomial X N − 1. By definition, each element of O N is of the form z = a 1 ω 1 + · · · + a m ω m for some a i ∈ Z and some ω i ∈ k such that ω N i = 1. For such an element z, we set z := a 1 ω
The assignment z → z is a well-defined ring automorphism of O N . 
Most of time, a sequence {a n } refers to a nonnegative indexed sequence {a n } n≥0 . In the nature of this paper, we assume that a sequence {a n } also include the negatively indexed terms.
2.6. Definition. A sequence {a n } is linearly recursive if there exists a non-zero poly-
for any integer n. In such a case, we say that {a n } satisfies the polynomial f (x). The monic polynomial of the least degree satisfied by a linearly recursive sequence is called the minimal polynomial of that sequence.
Note that any periodic sequence {a n } is linearly recursive and is uniquely determined by its positively indexed part, i.e., {a n } n≥1 .
2.7. Definition. Let p be a prime. We refer to a periodic sequence {a n } as the p-pertinent sequence if 
j+1 and b p = b p+1 = . . . = 0, then the sequence
is the p-pertinent sequence.
Proof. i) Note that the sum of any p consecutive terms of the sequence is always p − 1. Then, when q | p − 1, we see that the sequence satisfies the polynomial
for the matrix A = [a i,j ] p×(p−1) , where
Eliminating the first row of the matrix A, we obtain a matrix A ′ with 0's on the anti-diagonal and 1's elsewhere. The determinant of A ′ is −(p − 2), not divisible by q. Therefore the only solution to the system corresponding to A ′ is (0, . . . ,0). The system (2) has one more equation p−2 i=0 g i = 0 and so only has the solution (0, . . . ,0). Thus, when q | p − 1, no polynomial of degree less than p − 1 can be satisfied by the sequence. Therefore, x p−1 + x p−2 + · · · + x + 1 is the minimal polynomial of the p-pertinent sequence when q | p − 1. The case for q ∤ p − 1 can be shown similarly.
ii) Note that
Then we have
Clearly B n = α 0 = 1 for 1 ≤ n ≤ p − 1 and B p = α 0 + α p = 0. That is,
This implies that β n+1 = . . .
Thus, B n+p = B n for any n ≥ 1. Therefore, the sequence {B n = n j=0 n j b j } n≥1 is just the p-pertinent sequence.
The following result is a restatement of [2, Proposition 2.7] and [11, Corollary 4.6]. We include the proof for the sake of completeness.
Proposition. The sequence {ν n (H)} n∈Z is linearly recursive and the degree of its minimal polynomial is at most (dim H)
2 . In particular when char(k) > 0, the sequence {ν n (H)} n∈Z is periodic.
Proof. We recall that A = End k (H) is an associative algebra with respect to the convolution product, where the identity map Id and antipode S are inverse to each other. By Definition 2.3, for any integer n ∈ Z, the n-th power Sweedler map P (n) H : H → H can be expressed by the n-th power of Id in A. Since A is finitedimensional, we see that the sequence
Next we take Tr(S • (3)) to obtain
2 . This shows the first part. Next we will only prove for the periodicity of the indicators in positive characteristic, and the linear recursive property follows from [2, Proposition 2.7] by the same argument. By [11, Corollary 4 .6], we know {ν n (H)} n≥1 is periodic. It is important to point out that a 0 = 0 in (4) (otherwise the sequence satisfies Φ H (X)/X which has smaller degree since P (n) H is invertible in A). Hence one has ν n (H) = −a −1 0 (a m ν n+m (H) + a m−1 ν n+m−1 (H) + · · · a 1 ν n+1 (H)) for all integers n. An easy inductive argument yields that {ν n (H)} n∈Z is periodic.
Indicators in positive characteristic
In the remaining of this paper, k is a base field of prime characteristic p. We will study indicators of finite-dimensional Hopf algebras H over k.
Definition.
(i) We say that a Hopf algebra H has the Chevalley property if the Jacobson radical J of H is a Hopf ideal. Moreover, we say that H has the connected Chevalley property if additionally H/J is a connected coalgebra. (ii) By duality, we say that a Hopf algebra H has the dual Chevalley property if its coradical H 0 is a Hopf subalgebra. Additionally if H 0 is a local algebra then H is said to have the local dual Chevalley property. In these cases, we have dim H = dim H * = p n for some integer n ≥ 0.
Proof. Proof. It directly follows from Proposition 2.5.
3.4. Lemma. Let u(g) be the restricted universal enveloping algebra of some finitedimensional restricted Lie algebra g over k. Then the sequence ν n (u(g)) n∈Z is p-pertinent.
Proof. We consider the associated graded algebra gr C (u(g)) with respect to the coradical filtration of u(g). One can verify easily using the restricted PBW basis of u(g) that
where h is a p-nilpotent abelian restricted Lie algebra such that dim h = dim g =: d. For the sake of convenience, we define
where the coalgebra structure is given by ∆(x) = x ⊗ 1 + 1 ⊗ x. Thus (5) implies that gr C (u(g)) ∼ = H(0) ⊗d . Hence it reduces to prove that {ν n (H(0))} n≥1 is p-pertinent by Proposition 3.3. One further observes that
Then it remains to show that {ν n (k Cp )} n≥1 or {ν n (k C p )} n≥1 is p-pertinent. This has been already discussed by (1) as
3.5. Lemma. Let H be a finite-dimensional connected Hopf algebra over k. Then (gr C H) * ∼ = u(g) for some finite-dimensional restricted Lie algebra g over k.
Proof. It is well-known that gr C H is a connected coradically graded Hopf algebra. By [12, Theorem 3.1], the algebra structure of gr C H is given as follows
Then one sees that gr C H is local and dim J/J 2 = d where J = (gr C H) ≥1 is the Jacobson radical of gr C H. By duality again, one can conclude that (gr C H) * is connected, whose primitive space has dimension d. So (gr C H) * must be primitively generated and is isomorphic to u(g) for some finite-dimensional restricted Lie algebra g.
3.6. Theorem. Let H be any finite-dimensional Hopf algebra over k having the local dual Chevalley property or connected Chevalley property. Then the sequence {ν n (H)} n∈Z is p-pertinent.
Proof. In view of Proposition 3.2, it suffices to assume that H has the connected Chevalley property. Moreover, we can apply Lemma 3.5 to obtain ν n (H) = ν n (gr J H) = ν n (gr C (gr J H)) = ν n ((gr C (gr J H)) * ) = ν n (u(g))
for some finite-dimensional restricted Lie algebra g over k. Hence the p-pertinency follows from Lemma 3.4. The minimal polynomial is derived from Lemma 2.8.
3.7.
Remark. Let H be a finite-dimensional Hopf algebra with {ν n (H)} n≥1 being the p-pertinent sequence. Let b j 's as stated in Lemma 2.8. Then the constant sequences c j = {c j (n) = b j } n≥1 for j = 0, 1, 2, . . . are the unique series of sequences discussed in [11, Theorem 4.4] Proof. We can apply the previous corollary noting that |G(H)| or |G(H * )| divides dim H = p n by Nichols-Zoeller freeness theorem [10] .
3.10. Remark.
(i) The classification of pointed Hopf algebras of dimension p n for n ≤ 3 has been completed in [8, 9, 12, 13] over an algebraically closed field of prime characteristic p. By the result above, we know the indicators of these Hopf algebras are all p-pertinent.
(ii) For any finite-dimensional Hopf algebra H that has the local dual Chevalley property or connected Chevalley property, one can use the same argument in this paper to show that Tr(S n ) = 0 if p = 2 or Tr(S n ) = 0 n ≡ 0 (mod 2) 1 n ≡ 1 (mod 2) if p > 2.
